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Abstract

A (binary) formally self-dual code is a linear code whose weight enumerator is
equal to that of its dual. Little is known about the existence of optimal subcodes of
formally self-dual codes. In this paper we show that some optimal formally self-dual
codes actually contain optimal subcodes by computing the optimum distance profiles
(ODPs) of linear codes. We determine the ODPs of optimal formally self-dual codes
with parameters [16, 8, 5], [18, 9, 6], [20, 10, 6] and [22, 11, 7] and show that they contain
optimal subcodes with high minimum weights.

Key Words: formally self-dual codes, subcodes, optimum distance profiles, optimal
codes

AMS subject classification: 94B05, 11T71

∗corresponding author

1



1 Introduction

Comparatively little attention has been paid to the subcodes of an optimal linear code in
general. It is a natural concern to determine which linear codes contain optimal (or near-
optimal) subcodes.

In general, it seems very difficult to search for all subcodes of a given code. As a sub-
problem, we search for all chains of subcodes of decreasing dimension with largest minimum
distances. This is the concept of optimum distance profiles (ODPs) introduced by Luo, et.
al. [12]. In [4] and [12], the authors give results on the ODPs of the binary Hamming [7, 4, 3]
code, the binary and ternary Golay codes, Reed-Solomon codes, the first-order and second
order Reed-Muller codes. Recently, Yan, et. al. [16] considered the optimum distance profiles
of some quasi-cyclic codes.

In [6], we have determined the ODPs of Type II self-dual codes of lengths up to 24 and
the five extremal Type II codes of length 32, give a partial result of the ODP of the extended
quadratic residue code q48 of length 48. We show that each of the five Type II [32, 16, 8]
codes contains the two optimal [32, 11, 12] codes, which was previously known only for the
Reed-Muller code R(2, 5) [13].

In this paper, we further determine the ODPs of optimal formally self-dual codes with
parameters [16, 8, 5], [18, 9, 6], [20, 10, 6] and [22, 11, 7] since formally self-dual codes often
have higher minimum distances than the minimum distances of self-dual codes. Using this
information, we show that they contain optimal subcodes with high minimum weights. All
our computations were done using Magma [3].

2 Preliminaries

All codes in this paper are binary. A linear [n, k, d] code C of length n is a k-dimensional
subspace of GF (2)n with minimum weight d. The dual of C, denoted by C⊥ is the set of
vectors orthogonal to every codeword of C under the Euclidean inner product. If C = C⊥,
C is called self-dual. A linear code C whose weight distribution is equal to that of its dual
is called formally self-dual. It is clear that a self-dual code is formally self-dual. A formally
self-dual code is called even if all weights are even. Two codes over GF (2) are said to be
equivalent if they differ only by a permutation of the coordinates.

Let d′ be one of the non-zero weights of a linear code C. As described in [6], a subcode
C ′ of C with minimum distance d′ = d(C ′) > d(C) is maximal if there is no subcode C ′′

such that C ′ ( C ′′ ( C and d(C ′′) = d′. Given d′ > d(C), the maximum of the dimensions
of maximal subcodes C ′ with d(C ′) = d′ is called the maximum dimension with respect to
d′. We recall that given n and k, a linear [n, k, d] code is minimum distance optimal if d
is the largest possible. Similarly, given n and d, a linear [n, k, d] code is dimension optimal
if k is the largest possible [9, p. 53]. We raise the following natural question. Given a
linear code C and any non-zero weight d′ > d(C), how do we find a subcode with maximum
dimension with respect to d′? In general, this question seems very difficult since theoretically
we should know all subcodes. On the other hand, there has been another approach related
to this problem, as described below.
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Let C be a binary [n, k] code and let C0 = C. A sequence of linear subcodes of C,
C0 ⊃ C1 ⊃ · · · ⊃ Ck−1 is called a subcode chain, where the dimension of Ci is k − i for
i = 0, . . . k − 1.

Let di = d(Ci) be the minimum distance of Ci. Then the sequence d0 ≤ d1 ≤ · · · ≤ dk−1

is called a distance profile of C. In what follows, we give several definitions from [4], [12]. A
generator matrix such that its first k − i rows (i.e., the remaining rows after removing its i
rows from the bottom) form a generator matrix of Ci for 0 ≤ i ≤ k− 1, is called a generator
matrix with respect to the distance profile.

Remark 2.1. A generator matrix with respect to a given distance profile may be obtained
in the following manner. Since any distance profile has an associated subcode chain one
may begin with the smallest subcode in the chain Ck−1 (with generator matrix Gk−1) and
append a vector from Ck−2 (linearly independent from the non-zero vectors of Ck−1) as the
bottom row of Gk−1. This method may be repeated recursively for each subcode in the chain
to obtain the desired generator matrix. In addition, this method is easily applicable to our
chain algorithms since these algorithms necessarily compute a subcode chain with optimum
distance profile.

For any two integer sequences of length k, a = a0, . . . , ak−1 and b = b0, . . . , bk−1, a is
called an upper bound on b in the dictionary order if a is equal to b or there is an integer t
such that

ai = bi for 0 ≤ i ≤ t− 1, and at > bt.

On the other hand, a is called an upper bound on b in the inverse dictionary order if a
is equal to b or there is an integer t such that

ai = bi for t+ 1 ≤ i ≤ k − 1, and at > bt.

Definition 2.2. a distance profile of the linear code C is called the optimum distance
profile (or ODP for short) in the dictionary order, which is denoted by ODPdic[C](0),
ODPdic[C](1), . . . , ODPdic[C](k − 1) if it is an upper bound on any distance profile of C
in the dictionary order.

Definition 2.3. a distance profile of the linear code C is called the optimum distance profile
(or ODP for short) in the inverse dictionary order, which is denoted by ODPinv[C](0),
ODPinv[C](1), . . . , ODPinv[C](k − 1) if it is an upper bound on any distance profile of C in
the inverse dictionary order.

To simplify notations, for a given [n, k] code C we may use ODPdic[C]i= ODPdic[C](k−i)
(resp. ODPinv[C]i= ODPinv[C](k − i)) so that we may easily interpret the corresponding
subcode parameters: [n, i, ODPdic[C]i] (resp. [n, i, ODPinv[C]i]). We also use ODP[C] to
denote the optimum minimum distance profile in both orders.

The ODP of a code and the maximum dimension with respect to a minimum distance
are related concepts. Note that the first minimum distance d′ to appear in the ODP in
dictionary order corresponds to a maximal subcode with maximum dimension corresponding
to d′. However, after this term, maximal subcodes in the subcode chain do not necessarily
imply the maximum dimension.
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Proposition 2.4. ([6]) Let C be an [n, k] code. Let k′ ≤ k be given. Let dk′ = max{d′ : k′

is the maximum dimension in C with respect to d′} and let dopt be the optimal minimum
distance attained among all [n, k′] codes. Then

dopt ≥ dk′ ≥ max{ODPdic[C]k′ ,ODP
inv[C]k′}.

Using this, we can tell when optimal subcodes exist in a code as follows. This corollary
will be used in the corollaries in Sec. 4.

Corollary 2.5. ([6]) Let C be an [n, k] code. Let k′ ≤ k be given. Let dk′ and dopt be given
as above. If ODPdic[C]k′ = dopt or ODPinv[C]k′ = dopt, then

dopt = dk′ = max{ODPdic[C]k′ ,ODP
inv[C]k′}.

3 Algorithms based on cosets

In [6], we have proposed two algorithms called the Chain Algorithms I, II, which are useful
in finding ODPs. One of the main advantages of these algorithms is that we check the
equivalence in each round so that the complexity is decreased. We mention the algorithms
below as they are invoked to obtain results in the following section.

(Subcodes) Chain Algorithm I: An algorithm to produce all maximal subcodes with
maximum dimension k′ and minimum distance d′ ≥ d.

(i) Input: Begin with a binary [n, k, d] code D and a positive integer d′ ≥ d (such that
there exists a codeword of weight d′ in D).

(ii) Output: Produce the maximum dimension k′ among all maximal subcodes with min-
imum distance d′ and a list of inequivalent maximal subcodes of this dimension and
minimum distance d′.

(a) Initialize the set B1 = {D⊥}. Begin with i = 1.

(b) Build a set Bi+1 of all inequivalent supercodes of dimension 1 higher of C for all
C ∈ Bi. In order to do this we add coset representatives from Fn

q /C to each code
C in Bi.

(c) Check if d(C⊥) = d′ for any code C ∈ Bi+1. If “No” for any C ∈ Bi+1, then
repeat step (ii) by increasing i to i + 1. If “Yes”, then output the maximum
dimension k′ = k − i+ 1 and the set of [n, k − i+ 1, d′] subcodes of D.

(Supercodes) Chain Algorithm II: An algorithm to find all [n, k, d] supercodes contain-
ing an [n, k′, d′] code with d′ ≥ d and k ≥ k′.
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(i) Input: Begin with a setCk′,d′ of inequivalent [n, k
′, d′] codes (respectively self-orthogonal

codes) with k ≥ k′ and d′ ≥ d.

(ii) Output: For each code C inCk′,d′ , produce all [n, k, d] codes (respectively self-orthogonal
codes) containing C.

(a) Begin by building a set of all inequivalent supercodes (respectively self-orthogonal
supercodes) of dimension 1 higher of each code C in Ck′,d′ with minimum distance
greater than or equal to d. In order to do this we add coset representatives from
Fn
q /C (respectively C⊥/C if C is self-orthogonal) to each code C in Ck′,d′ and

keep a set of inequivalent supercodes Ck′+1 generated in this way.

(b) Repeat the first step, by replacing Ck′,d′ with Ck′+1 until the set of inequivalent
codes which are generated have dimension k.

(c) Stop once dimension k is reached. For each code C in Ck′,d′ output all [n, k, d]
supercodes of C.

4 ODPs of some FSD codes of lengths 16–22

In this section, we determine the optimum distance profiles of some interesting formally
self-dual codes of lengths 16–22. The generator matrices for each profile in this section are
from the above algorithms.

In [2], Betsumiya and Harada classified the formally self-dual even codes of length 16.
We examined the optimum distance profiles of all 144 near optimal formally self-dual even
[16,8,4] codes (the results are omitted).

In another paper, Betsumiya and Harada have shown that there is a unique optimal
[16,8,5] code, and in fact this code is formally self-dual [1]. We examined the optimum
distance profiles of this code and found the following:

Theorem 4.1. If C is the unique [16, 8, 5] code, then

ODPdic[C] = [5, 6, 6, 6, 8, 8, 8, 10],

and
ODPinv[C] = [5, 5, 5, 6, 7, 8, 10, 12]

with generator matrix for each profile respectively:

G(C) =



0000111111011101
0011001110101010
0101011001101100
1001010100011011
0101010111111111
1000010001111101
1000000111001001
1000000010111000


, G(C) =



0101010111111111
1011101110011001
1001110011100001
1001001001001101
1000011010011111
1000010001111101
0100000001011100
1000000010111000


.
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Proof. We apply (Subcodes) Chain Algorithm I recursively to give the ODP in dictionary
order for C. The weight distribution of C is

A0 = 1 A5 = 24 A6 = 44 A7 = 40 A8 = 45 A9 = 40 A10 = 28 A11 = 24 A12 = 10.

To find the ODP in inverse dictionary order, we must consider some cases. Clearly, ODPinv[C]1 =
12. By easy case analysis of length 16 binary vectors the sum of a weight 12 vector and
a weight 11 vector has weight less than or equal to 9. Therefore ODPinv[C]2 ≤ 10. By
inspection of the weight 12 and weight 10 vectors in C it is clear that there exists a subcode
with weight distribution A0 = 1 A10 = 2 A12 = 1, hence ODPinv[C]2 = 10. Let C[16,2,10]

be any [16, 2, 10] code with weight distribution A0 = 1 A10 = 2 A12 = 1, then there is
only one code with this weight distribution up to equivalence (since fixing the support of any
weight 12 vector c1 forces |c1 ∩ c2| = 6 for any weight 10 vector c2 in C[16,2,10]. By applying
(Supercodes) Chain Algorithm II to C[16,2,10] there is exactly one supercode of C[16,2,10] with
maximal minimum distance; this is a [16, 3, 8] code. Hence ODPinv[C]3 ≤ 8. In a similar
manner we obtain ODPinv[C]4 ≤ 7 as two inequivalent [16, 4, 7] codes were generated from
the [16, 3, 8] code. Continuing to apply the algorithm to increase the dimensions of the sub-
code chains containing either of the [16, 4, 7] codes we notice that for dimension 6 there are
exactly three inequivalent [16, 6, 6] codes in the subcode chain; however, continuing with the
algorithm none of these three [16, 6, 6] codes are contained in a [16, 8, 5] code. Therefore, we
must proceed instead from all inequivalent [16, 5, 6] codes containing either of the [16, 4, 7]
codes we generated (there are 12 such codes). Proceeding with the algorithm we obtain a
[16, 8, 5] code in the final step (this code is equivalent to C as C is unique). Therefore we
may conclude ODPinv[C]3 = 8,ODPinv[C]4 = 7, ODPinv[C]5 = 6, and ODPinv[C]i = 5 for
6 ≤ i ≤ 8.

By Corollary 2.5 and the table in [7], we obtain optimal subcodes of the [16, 8, 5] code
as follows.

Corollary 4.2. The [16, 8, 5] code contains dimension optimal and minimum distance opti-
mal subcodes with parameters [16, 7, 6] and [16, 2, 10] (these are maximum dimension subcodes
with respect to d = 6 and d = 10).

In 1992, Simonis showed that there is a unique [18,9,6] code [15]; it turns out that this
code is also formally self-dual even. We examined the optimum distance profiles of this code
and found the following:

Theorem 4.3. If C is the unique [18, 9, 6] code, then

ODPdic[C] = [6, 6, 6, 6, 8, 8, 10, 10, 12],

and
ODPinv[C] = [6, 6, 6, 6, 8, 8, 8, 8, 18]
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with generator matrix for each profile respectively:

G(C) =



111111001011101001
111010001100010111
100011111111000100
100011100010011001
010010000111110001
100011001011010010
100011000101111101
100010000100011010
100000000111010111


, G(C) =



111111111111111111
111111100010100010
110001101011000111
100011101100110110
001011001110011011
100011100010011001
100011000101111101
100010000100011010
100000000111010111


.

Proof. The ODP in dictionary order is found directly using (Subcodes) Chain Algorithm I.
The ODP in inverse dictionary order is also found directly using (Subcodes) Chain Algorithm
I, but replacing Fn

q in that algorithm by the unique even weight [18, 17, 2] code. This is
sufficient since the subcodes in inverse dictionary order must be self-complementary, hence
the only possible minimum weights are 6 and 8.

By Corollary 2.5 and the table in [7], we obtain optimal subcodes of the [18, 9, 6] code
as follows.

Corollary 4.4. The [18, 9, 6] code contains dimension optimal and minimum distance opti-
mal subcodes with parameters [18, 3, 10] and [18, 1, 18] (these are maximum dimension sub-
codes with respect to d = 10 and d = 18).

Fields et. al. [5] classified the even [20,10,6] formally self-dual codes; there are exactly
seven codes. We examined the optimum distance profiles of these codes and found the
following:

Theorem 4.5. If C is one of the seven formally self-dual even [20, 10, 6] codes, then

ODPdic[C] = [6, 6, 6, 6, 8, 8, 10, 10, 12, 12],

and
ODPinv[C] = [6, 6, 6, 6, 8, 8, 8, 10, 10, 20].

Proof. For the seven even formally self-dual [20, 10, 6] codes, (Subcodes) Chain Algorithm
I is difficult to implement (this is due to the fact that the first maximal subcode with
optimum minimum distance occurs at dimension 6). However, for each [20, 10, 6] code C
we can obtain a set Csc:[20,8,6] of all self-complementary [20,8,6] subcodes of C using this
algorithm. Jaffe has a classification for all even [20,7,8] codes [10] (generator matrices for
these codes and the unique [20,8,8] code may be found at [11]). By applying (Supercodes)
Chain Algorithm II to all [20,7,8] codes we determine that there are no even supercodes
with parameters [20,10,6]; therefore ODPdic[C]i = 6 for 7 ≤ i ≤ 10. Since all formally
self-dual even [20, 10, 6] codes have non-zero weights 6, 8, 10, 12, 14, 20 we may deduce from
information about optimal codes at [7] that an upper bound on the ODP in dictionary order
is given by [6, 6, 6, 6, 8, 8, 10, 10, 12, 20]. Next we examine the three [20, 4, 10] codes (also

7



classified by Jaffe [10]). We may disregard one of these codes since it contains a weight 16
vector. The ODP in dictionary order for these codes is [10, 10, 12, 12], hence a better upper
bound on the ODP in dictionary order for each formally self-dual even [20, 10, 6] code is given
by [6, 6, 6, 6, 8, 8, 10, 10, 12, 12]. By applying (Supercodes) Chain Algorithm II we verify that
this is in fact the ODP in dictionary order for each code; this is accomplished by generating
all [20, 6, 8] supercodes of the [20, 4, 10] codes, then finding a single self-complementary
supercode of dimension 8 equivalent to a code in Csc:[20,8,6].

ODP inv[C] is obtained in a similar manner applied to the unique self-complementary
[20, 3, 10] code (this code is unique because when adding a vector to the unique [20, 2, 10]
self-complementary code there is only one choice up to permutation to preserve the minimum
weight).

By Corollary 2.5 and the table in [7], we obtain optimal subcodes of any formally self-dual
[20, 10, 6] code as follows.

Corollary 4.6. If C is a formally self-dual even [20, 10, 6] code, then C contains dimension
optimal and minimum distance optimal subcodes with parameters [20, 4, 10] and [20, 1, 20]
(these are maximum dimension subcodes with respect to d = 10 and d = 20).

For example, the first formally self-dual even [20, 10, 6] code in [5] has the following
generator matrices in the dictionary and the inverse dictionary order respectively.

G(C) =



01001011110001111101
10111001101101000111
10011111011111110100
10001010100110101110
10001010100101010001
10001010011001011110
10000111000101101011
01000110001001110100
10000100000101100100
10000000001101111010


, G(C) =



11111111111111111111
11111000001011100001
11101010000101011010
11100011010010001110
11000010010100100011
10000011101001001001
10000011001101110101
10000000001101111010
00100001000101010010
01000001000001100101


.

Gulliver and Östergard have shown that there is a unique formally self-dual odd [20,10,6]
code [8]. We examined the optimum distance profiles of this code and found the following:

Theorem 4.7. If C is the formally self-dual odd [20, 10, 6] code, then

ODPdic[C] = [6, 7, 8, 8, 8, 8, 8, 8, 12, 16],

ODPinv[C] = [6, 6, 6, 7, 8, 8, 8, 10, 12, 16]
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with generator matrix for each profile respectively:

G(C) =



01111011110111101111
10010111011101110100
01001010010100101001
10010110000001101001
10010100101001010010
10001100011000110001
10001000000101011011
10000000101110001110
01000000000100111110
10000000001001111100


, G(C) =



11110111101111011110
00001011011111110011
11110010011010100010
11100001110100110010
11000011001101101111
10000010000110110101
00100010101010100100
00100010001101010110
01000000000100111110
10000000001001111100


.

Proof. The ODP in both orders for this code may be found using the methods of the previous
proof, and the classifications due to Jaffe [10], [11].

By Corollary 2.5 and the table in [7], we obtain optimal subcodes of the [20, 10, 6] formally
self-dual code as follows.

Corollary 4.8. The [20, 10, 6] formally self-dual odd code contains dimension optimal and
minimum distance optimal subcodes with parameters [20, 9, 7] and [20, 8, 8] (these are maxi-
mum dimension subcodes with respect to d = 7 and d = 8).

Betsumiya and Harada have also shown that there is a unique optimal [22,11,7] code,
and in fact this code is formally self-dual [1]. We examined the optimum distance profiles
of this code and found the following:

Theorem 4.9. If C is the unique [22, 11, 7] code, then

ODPdic[C] = [7, 8, 8, 8, 8, 8, 8, 8, 12, 12, 16],

ODPinv[C] = [7, 7, 7, 7, 7, 7, 8, 11, 12, 12, 16]

with generator matrix for each profile respectively:

G(C) =



0110100011111110111111
0001010101001111110011
1010011000010111101101
0110100000110010011000
1010010001010000011001
0110000000001110110010
0001010000011010011010
1010010000100110001010
1010000000010011010110
1000000000111011001001
1000000000010110111000


, G(C) =



1101011011111010111110
1100111100000110001111
1010100000101111111100
0110000101110110101010
0001100101000110000101
0000010001101110111110
1010100000000010001101
0110000001010101010000
0110000000001110110010
1010000000010011010110
1000000000010110111000


.
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Proof. The ODP in dictionary order may be obtained directly using (Subcodes) Chain Al-
gorithm I. The ODP in inverse order may be found using the methods of the previous proof,
for the [16,8,5] code, by beginning with a [22,1,16] code and checking that supercodes with
high minimum distance eventually generate the [22,11,7] code.

By Corollary 2.5 and the table in [7], we obtain optimal subcodes of the [22, 11, 7] formally
self-dual code as follows.

Corollary 4.10. The [22, 11, 7] formally self-dual odd code contains dimension optimal and
minimum distance optimal subcodes with parameters [22, 10, 8], [22, 4, 11], and [22, 3, 12]
(these are maximum dimension subcodes with respect to d = 8, 11, 12).

5 Conclusion

We have discussed optimal subcodes and ODPs for a particular class of codes: formally self-
dual codes. Optimal subcodes and ODPs are interesting from a theoretical standpoint as
they shed light upon the structure of these notable codes. In addition, ODPs have utilitarian
applications in computing [12]. In this paper, we determined the ODPs of optimal formally
self-dual codes with parameters [16, 8, 5], [18, 9, 6], [20, 10, 6] and [22, 11, 7]. In addition, we
give insight into the optimal subcodes of these codes and theory behind how these subcodes
are obtained. It is interesting to note that for the class of codes we examined, oftentimes an
optimal subcode is an optimal code in its own right.
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